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Abstract: Using (p, q)-Lucas polynomials and bi-Bazilevi¢ type functions of order p + £, we defined a new subclass
of biunivalent functions. We obtained coefficient inequalities for functions belonging to the new subclass. In addition
to these results, the upper bound for the Fekete-Szegt functional was obtained. Finally, for some special values of

parameters, several corollaries were presented.
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1. Introduction

Let A denote the class of functions of the form
o0
f(z) :z—l—Zakzk, (1.1)
k=2

which are analytic in the unit disk &4 = {z € C:|z| < 1} and normalized by the conditions f(0) = 0 and
f/(0) = 1. Let S be the subclass of A consisting of functions univalent in A. It is known that if f € S,
then there exists the inverse function f~!. Because of the normalization f(0) = 0, f~'is defined in some
neighborhood of the origin.

If the functions f and g € A, then f is said to be subordinate to g if there exists a Schwarz function
w € O, where
O ={w:w(0)=0and |w(z)| <1 (z€U)},

such that
f(Z)=gw(z) (z€l).
This subordination is shown by

f=g or [f(z) <g(2) (z€U)

If g is univalent function in U, then this subordination is equivalent to

f(0)=49(0), fU)cCgM).
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Let P denote the class of functions of the form
t(z)=1+tz+t2> +t32° +--- (2 €U)

which are analytic and R (¢(z)) > 0. Here the function ¢(z) is called Carathéodory function.
We now turn to the Koebe one-quarter theorem (see [11]), which ensures that the image of U under
1

every function in the normalized univalent function class S contains a disk of radius 7. Thus, clearly, every

such univalent function has an inverse f~!' which satisfies the following conditions:

FHfE) =2 (z€U)
and

Py = (<l ro(h 2 7).

where

fHw) = w — agw? + (Qag — 0,3) w? — (5a§ — basas + a4) wh = g(w).

A function f € A is called biunivalent function in ¢/ if both f and f~!are univalent in . The class of
biunivalent functions defined in the open unit disk U is denoted by X. Comprehensive information and some
interesting examples of the class ¥ can be found in the pioneering work [22] written by Srivastava et al. in

2010. As indicated in [22], the following examples can be given for functions in the class X:

z 1 142
= —log(1- Z1
T los(1—2), 20g(1z>

and so on. However, the familiar Koebe function and also the functions

2
z z
z—— and ——
2 1—22
are not biunivalent although they are univalent. Several important coefficient estimates of the functions in the
class ¥ were given by many authors. For example, Lewin gave a bound for second coefficient of the class X

as |az| < 1.51 in [17], while, motivated by Lewin’s work, in [9] Brannan and Clunie presented a conjecture

that |az| < v/2. In the literature, one of the most important open problems for the class X is the coefficient
estimates on |a,|,n € N,n > 3, (see [22]). In recent years, Brannan and Taha studied certain subclasses of the
class ¥ and gave some coefficient estimates. In addition, motivated by the pioneering paper of Srivastava et
al. [22], the authors in [1, 4, 5, 13—15, 20, 22, 28, 29] and the references therein defined some subclasses of the
class ¥ and they gave nonsharp estimates on initial coeflicients of mentioned subclasses. These subclasses were
defined by using some polynomials such as Faber, Fibonacci, Lucas, Chebyshev, Pell, Lucas-Lehmer, orthogonal
polynomials and their generalizations. Special polynomials and their generalizations are of great importance
in a variety of branches such as physics, engineering, architecture, nature, art, number theory, combinatorics
and numerical analysis. These polynomials have been studied in several papers from a theoretical point of view
(see, for example, [25, 27-29, 31] and the references therein). In addition, some subclasses were also defined by

making use of certain differential operators like Salagean, Hohlov, and Frasin.
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This paper is organized as follows: The rest of this section is devoted to some basic definitions and
preliminaries. Section 2 deals with initial coefficient estimates on new subclass introduced, while we investigate
Fekete-Szego problem for this new class in Section 3.

For f(z) given by (1.1) and ¢(z) defined by
2) :z+ibkzk, b, >0
the Hadamard product (or convolution) (f * ¢g)(z) of the functions f(z) and g(z) is defined by
(f=9)(z —Z+Zakbkz (g% f)(2), (z€U).

Let f € A. In [19], Sildgean considered the following differential operator:

Df(z) = f(2)
D'f(z) = Df(x)=2f(2)

D(D™ ' f(2)). (1 €Ny=NU{0}).

D7 f(z) =
Note that
z)=z+ i karz® (1 €Ny =NuU{0}). (1.2)
Consider the function
214\’ 1 >
f(g(z):/o (1_T> mdr:z+;bk(§)zk, §>0, zel, (1.3)

where

b (6) =6 and by(5) =5 (267 +1).

It is worth mentioning that for 6 < 1, the function zf§(z) is starlike with two slits. Moreover, since
z fg (2) is the Koebe function, all functions f5 for 0 < 4 < 1 are univalent and convex. More details about the

function fs can be found in [26].

For f € A, given by (1.1), we define the function hs (6 > 0) as follows:
ha(2) = (F * f5) ( —z+zbk = (fs+ ) (), 2, (1.9
For D7 f(z) given by (1.2) and hgs(z) given by (1.4), we define the function F(z) as follows:
F(2) = D"hs(z —z—i—Zbk ) kTagz* (1.5)
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In that case every such function F(z) € S has an inverse F~1(2), which satisfies
FHw) =w — by (8) 27 azw? + (b3 () 227 a2 — b3 (6) 37az)w?
— (5[)3 (5) 23TCL3 — 5by (5) 27bs (5) 3Taqas + by (5) 4TCL4) w4 + = G(’LU)

The following is the definition of (p, ¢)-Lucas polynomials introduced by Lee and Asc1 [16] and it is related to

our study.

Definition 1.1 [16] Let p(xz) and g(x) be polynomials with real coefficients. The (p,q)-Lucas Polynomials

L, 4n(x) are defined by the recurrence relation
Lpgn(x) = p@)Lpgn-1(z) +q(@)Lpgn-2(x) (n=2),

from which the first few Lucas polynomials can be expressed as below:

Lpgo(z) =2, Lpg1(z) = p(x), Lpg2(x) = PQ(x) + 2q(z). (1.6)

For the special cases of p(x) and g¢(z), the (p,q)- Lucas polynomials reduce to the special polynomials
below: L;1,(z) = L,(z) Lucas Polynomials, Loy 1,(x) = Dy(z) Pell-Lucas Polynomials, Lj oy, (z) =
Jn(x) Jacobsthal-Lucas Polynomials, L, _2,(z) = F,(x) Fermat-Lucas Polynomials, Loy _1,(x) = T, (z
Chebyshev Polynomials of the first kind.

Lemma 1.2 [16] Let G1,, ()3(2) be the generating function of the (p, q) -Lucas Polynomials Sequence Ly 4 ().
Then,

oo

2 —
GiLn@)(2) = Y Lpgn(@)z" = p(x)z

n=0

and

Wiy (2) = G () 1= 1+ 3 Ly gn()e? = — LTI
{Ln(=)} = Y{Ln(2)} = p,q,n = _ _ 2°
2 = 5()s — a(@)z

Definition 1.3 [2/] For p >0, £ €R, p+i #0, and F € A, let B(p,£,0,7) denote the class of Bazilevi¢

type function if and only if
2F (2) (F )\
(F) (52) |0

Many researchers have worked different subclasses of the famous Bazilevi¢ functions of type p from

Re

various view points (see [3] and [23]). In the literature, there are not many papers for (p, g)-Lucas polynomials
associated with Bazilevi¢ type functions of order p + i{. One of the main goals of this paper is to contribute
to this kind of studies. For this purpose, motivated by the very recent work of Ala Amourah et al. [6] (also
see [18]), we introduce the new subclass g(p, &,6,7) of biunivalent functions associated with bi-Bazilevi¢ type

function and (p, ¢)-Lucas polynomials.
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Definition 1.4 For F € 3, p>0, E€R, p+i£ #£0, let g(p,f,é, 7) denote the class of bi-Bazilevic type
function of order type p + i& if and only if

KZ;(S)> (IS)YH&: < Un,@y(),  z€U (1.7)
and
(wg(’g)u)) (Giw)>p+i5: <V, @y(w), wel, (1.8)

where W, o ()(2) € P and the function G is described as G (w) = F~H(w).

Remark 1.5 Note that, by specializing the parameters p,£,0 and T, we obtain the following subclasses studied

by various authors.
1. B(p,£,1,0) = B(p,€) (Ala Amourah et al.[6]).
2. B(p,0,1,0) = B(p) (Altwnkaya et al. [2])

The class B(0,0,6,7) = S% is defined as follows:

Definition 1.6 A function F € ¥ is said to be in the class S5, if the following subordinations hold

<Z§I(S)> <V, @(2), z€U
and
(wg(liff)@) < VL, @y (w),  wel,

where G (w) = F~1(w).

2. Coefficient estimates for the function class g(p,ﬁ,é, T)

In this section, we propose to find the estimates on the Taylor-Maclaurin coefficients |az| and |ag| for functions

in the class B(p, £, 8, 7) which is introduced in Definition (1.4). We first state the following theorem.

Theorem 2.1 Let the function F(z) given by (1.5) be in the class B(p,&,68,7). Then,

1 ()| v2|p(x)|
b2 ()27 \/\/(p+ 1)2 + &2 [(p +i&) p*(x) + 4q(z) (p +i§ + 1)

las| <

and
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Proof Let F(z) € B(p,¢,0,7). Then, there exist two analytic functions v, ¢ : U — U such that v(0) = ¢(0) =
0, |v(2)] <1 and |p(w)| < 1. Thus, we can write from (1.7) and (1.8) that

l(i(i?) (J:Z(Z)>p+i£ =V @y (V(2)  (zel) (2.1)
and
(wg(/zil)UU (Gi}w))”*if = Vi, @y (p(w)  (weld). (2.2)

It is well known that the following inequalities
()| =|mz+r?+--| <1

and

lp(w)| = [prw + paw® + -+ | < 1,

imply that
[l <1 and g <1 (j€N).

It can be easily seen that
Uir,@y (V(2) =1+ Lpg1(@)m1z + [Lpg1(@)v2 + Lpg2(x)ri] 2° + - - (2.3)

and
‘Il{Ln(a:)} ((p(w)) =1+ Lp,q,l(x)<p1w + [Lp,q,l(x)SOQ + Lp,q72(x)§0%] w2 + e (24)

By taking into acount the equalities (2.3) and (2.4) in the equalities (2.1) and (2.2), respectively, we deduce

/ p+ig
[(;S D(EE) | =14 Laaams + Lpaa@m + Lpgaonf] 240 @9)
and
’ p+ig
() (S 1 @i+ s @ + sl w4 (26)
It follows from (2.5) and (2.6) that
(p —+ Zg -+ ].) b2 (5) 27a2 = Lp,qyl(x)'yl, (27)
(p+i€+2) [(p+i& —1)b3 (0)2*7 'a3 + b3 (8) 37as] = Lyq,1(2)72 + Lpg2(x)7i (2.8)
and
- (P + Zf + 1) bQ (5) 2Ta2 = Lp,q,1($)<p1, (29)
(p+i6+2) [(p+1i&+3)b3 (0)2*" 'a3 — b3 (8) 37as] = Lyq1(x)p2 + Ly q2(2)e7, (2.10)
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respectively. From (2.7) and (2.9), we get
1= —¢1
and
2(p+i€+1)°03(5)2°a3 = L} ,1(2) (47 + 7).

Also, adding (2.8) to (2.10) yields
(p+i€+2) (p+i€ + 1) b () 273 = Ly g1 (%) (72 + p2) + Lp.g2(x) (77 + 1) -

Now, using (2.12) in (2.13) implies that

2Ly g2(z) (p+i§+1)
Ly a(@)

p,q,1

(p+i€+1) |(p+if+2) - b3 (8) 27 a3 = Lyg1(2) (12 + ¢2)

and so, we can write that

L3 1 (x) (v2 + p2)
b3 (0) 2% (p+ i+ 1) [(p+ i€ +2) L2 , () — 2Lp g2(x) (p+ i€ + 1))

2 _
Qo =

Considering (1.6) in (2.14), we can write that

lp(z)| 2Ip( )| _
27\/\/p+1 TE|(p+ i€) p2(x) + dq(x) (p + i€ + 1)

lag| <

(2.11)

(2.12)

(2.13)

(2.14)

In order to prove the estimate on |ag|, let us subtract (2.10) from (2.8). As a result of this computation, we

have

(p+ i€ +2) [2b3(6)37az — b3 (6) 2*" T a3] = Lpq1(x) (72 — 2) + Lpg2(x) (7 — 1) ,

and since (2.11), we get

2(p+ i€ +2) b3(6)37as = Lpg1(x) (v2 — ¢2) + (p + 1€ +2) b5 (6) 2*" a3,

Thus, it is easily obtained that

Lpgi(z) (v2 —2) | b3(0)2%7a3
b

937 205(6)37 (p + i€ + 2) 5(8)37
By virtue of (2.11) and (2.12), we can write from (2.15) that
Lyqa (@) Lp.q.1(z)
n — p,q,1 2 1 02) + P91 / _
ST 2y(0)3T (p i€ +1)° (07 + 1) 2b3(8)37 (p + i€ +2) (2 = 2)
and
P*(z) p(x) _ 1 p*(z) p(x)

las| <

The proof is thus completed.
Putting ¢ = 0, in Theorem 2.1, we get:
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Corollary 2.2 Let the function F(z) given by (1.5) be in the class g(p,(),é, 7). Then,

las| < 1 Ip(z)| /2 |p()]
as

T 020027 \/(p+ 1) [pp?(x) + 4q(z) (p + 1)]

L P | )
1= o) s {(p+1)2 ! p+2}

Remark 2.3 For the certain special values of the parameters in Theorem 2.1 and Corollary 2.2, respectively,

and

we obtain some earlier results as follows:
i. By giving 6 =1 and 7 =0 in Theorem 2.1, we have the results by [6, Theorem 2.1].
#i. Letting 7 =0 and § =1 in Corallary 2.2, we have the results given by [6, Corollary 2.2].

tii. Taking p=&§=7=0 and § =1 in Corollary 2.2, we get the results given by [3, Corollary 1].

3. Fekete-Szego inequality for the class g(p,f, 0,T)

In geometric function theory, the Fekete-Szego inequality is an inequality for the coefficients of univalent analytic
functions founded by Fekete and Szego [12], related to the Bieberbach conjecture. Finding similar estimates for
other classes of functions is called the Fekete-Szegtd problem. This problem have been handled by many authors
for some function classes (see [7, 8, 21, 30]).

The Fekete-Szego inequality states that if
f(2) = 2+ a2® + agz® + - -
is a univalent analytic function on the unit disk ¢/ and X € [0,1), then
2 —2X
|a3 — )\a2| < 14203,

In the limit case when A — 17, an elementary inequality is obtained given by |a3 — a%‘ < 1. It is known that
the coeflicient functional

o (f) = as — Aa3
for the normalized analytic functions f in the unit disk U plays an important role in function theory.

In this section, we aim to provide Fekete-Szegd inequalities for functions in the class g(p, £,0,7).

Theorem 3.1 Let F given by (1.5) be in the class g(p@,é, T) and A € R. Then,

Ve V)] < Lo
22| < § 1037y /(p+2)7 4 = 2/(p+2)°+€2 3.1
jas = Aa3[ < 2wl E 1 ) (3-1)
b7 S GER

where

(b3(6)227 — Aby(6)37) L2, (a)

b5(8)227 (p+i€ + 1) [(p+ i€ +2) L} 1 (2) — 2Ly g 2(x) (p + i€ + 1)]

h(\) =
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Proof In order to prove the inequality (3.1), consider (2.14) and (2.15). It follows that

o — (b3 (6) 227 — Abs (8) 37) L2 1 (2) (72 + 2)
ST b3(6) 22705 (8) 37 (p + i€ + 1) [(p + i€ +2) L2 1 (x) — 2Ly g2(x) (p+ i€ + 1)]
+ Lp,q,l(x) ('72 - @2)
2b3 (5) 37 (p + Z§ + 2)
_ Lp,q,l(z)

=Bl (0 sriern) = (0 spriers)

As a result, by virtue of (2.13), we deduce the desired result given in (3.1).

O
By putting some special values to the parameters in Theorem 3.1, we arrive at the following corollaries
Taking £ = 0 in Theorem 3.1, we get

Corollary 3.2 Let F given by (1.5) be in the class l§(p,0,57 7). Then,

(z) 1
las — Aa| < <p+2’3b3<6f3” s < 3579
3 2| = 2p(z)|s(N) |8()\)| > 1 P
b3 ()37 Z 3(p+2)
where
2 2T T 2
SO [b2 (6)2°7 — Xb3 (0) 3 } prq’l(m)

T RB0)257(p+ 1) [(p+ 2) L2, (@) — 2Lpg2(x)(p + 1))

It is important to mention here that the Fekete-Szegd functional will become second Hankel determinant
Hy(1) for A =1. Taking A =1 in Theorem 3.1, we have

Corollary 3.3 If F € B(p,£,6,7), then

p(z)

; h(1)] < ———
|a — a2’ < b3(8)37/(p+2)%+€2 24/ (p+2)°+¢2
37 %2) = 2p(z)|h(1)] Ih(1)] > 1 ’
b3(6)37 — 9 /(p+2)2+§2
where
[b3(8)2%7 — b3(6)37] L2 , 1 ()
h(1) = - 27 : . 2
b3(6)2%7 (p + i€ + 1) [(p + i€ + 2) L

20,1 (@) = 2Ly q2(2)(p + i€ + 1)]

By choosing p =0=¢ and A =1 in Theorem 3.1, we obtain the following result

Corollary 3.4 Let F given by (1.5) be in the class B(0,0,8,7). Then,

(e s()] < 5
2 2b3(8)37° = 4

az — Gy S x)|s )
s =3 { ol s()] = 4

where

0L TOR S FaCo
B (9) (o)
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Remark 3.5 Theorem 3.1 reduces to the following earlier results for special values of parameters:

1.

For 6 =1 and 7 =0, we have the results given by [6, Theorem 3.1].
For § =X=1 and 7 =0, we have the results given by [6, Corollary 3.2].
For § =1 and 7 = £ =0, we have the results given by [6, Corollary 3.3].

For 6=X=1 and p=7=¢§ =0, we have the results given by [6, Corollary 3.4].

4. Conclusion

In the present investigation, we have defined a new subclass of analytic biunivalent function class ¥ by using

(p, ¢)-Lucas polynomial and bi-Bazilevi¢ type functions of order p + i¢. Then, we have investigated certain

properties such as nonsharp initial coefficient estimates and Fekete-Szegd problem for this subclass. Also, we

have derived corresponding results for the some special values of the parameters. Our results generalize the

recent papers [2, 3] and [6]. In the future, Hankel determinant problem for the subclass introduced here can be

handled by researchers.
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